Abstract. Starting from the 0 ++ glueball mass and wave function computed from lattice QCD, we compute the local potential between two constituent gluons. Since the properties of constituent gluons are still a matter of research, we allow for them to be either massless, or massive with a mass around 0.7 GeV. Both pictures are actually used in the literature. When the gluons are massless, the corresponding local potential is shown to be compatible with a Cornell form, that is a linear confinement plus a short-range Coulomb part, with standard values for the flux tube energy density and for the strong coupling constant. When the gluons are massive, the confining potential is a saturating one, commonly used to simulate string-breaking effects. These results fill a gap between lattice QCD and phenomenological models: The picture of the scalar glueball as a bound state of two constituent gluons interacting via a phenomenological potential is shown to emerge from pure gauge lattice QCD computations. Moreover, we show that the allowed potential shape is constrained by the mass of the constituent gluons.
Introduction
The study of glueballs currently deserves much interest from a theoretical point of view, either within the framework of lattice QCD or effective models. Their experimental detection is also an active field of research -for recent reviews, see refs. [1] . Among the various effective approaches which have been proposed (bag model [2] , QCD in Coulomb gauge [3] , . . .), many studies have been devoted to potential models of glueballs. In this framework, glueballs are seen as bound states of two or more constituent gluons interacting via a phenomenological potential. Early works on this subject are quoted in refs. [4, 5] , and more recent studies can be found in refs. [5] [6] [7] [8] [9] .
Actually, the relevance of using a potential model to describe a glueball is still controversial. Assuming that a potential model can be used, two basic questions then appear: What is the mass of a constituent gluon, and what is the potential? The answer to these questions differ from one approach to another. Let us begin by the problem of the mass. On the one hand, it is argued in some works that a gluon is a massless particle, which acquires a dya FNRS Research Fellow; e-mail: fabien.buisseret@umh.ac.be.
b FNRS Research Associate; e-mail: claude.semay@umh.ac.be. namical mass given by µ = p 2 because of the confining interaction. Relativistic spin-dependent corrections are then developed in powers of 1/µ 2 [4, 6, 7] . In this picture, the constituent gluon is a posteriori massive, because it is confined into a glueball, and this mass is state dependent. It is worth mentioning that, more generally, both quarks and gluons can acquire a constituent mass from renormalization theory. This constituent mass runs with the momentum: One can look in particular at the Coulomb gauge approach of ref. [10] , where it is shown that massless gluons acquire a running mass which is about 0.7 GeV at zero momentum. The same approach can also be applied to compute the constituent mass of light quarks [11] . On the other hand, it is often assumed in different studies that a constituent gluon has to be a priori considered as massive [5, 12] . The idea underlying these last approaches is roughly that the nonperturbative effects of QCD causes a mass term to appear in the gluon propagator. Consequently, the gluons should be seen as massive particles, with a fixed mass which is typically assumed to be around 0.5 ± 0.2 GeV [5,13]. The relativistic corrections are then expanded as usual in powers of 1/m 2 g . Interestingly, the typical value of m g in the second approach is compatible with the dynamical mass µ for the ground state in the first approach, and with the constituent gluon mass at zero momentum of the Coulomb gauge model of ref. [10] . We turn now our attention to the potentials appearing in the various existing models of QCD. In a two-body system, the best-known phenomenological potential is the Cornell one, which is roughly of the form ar −κ/r, r being the separation between the confined particles. It is worth mentioning that ar is the energy of a straight string of energy density a, also called the flux tube, linking the quark to the antiquark and encoding the confining interaction. The Coulomb part is the lowest-order contribution of the one-gluon exchange processes. The Cornell potential arises from QCD in the case of a quark-antiquark bound state, as it can be shown by the Wilson loop technique [14] . Lattice QCD computations of the energy between a static quarkantiquark pair also support this potential [15, p. 42] . Furthermore, background perturbation theory tells that the potential between two massless constituent gluons should also be of the Cornell form [16] . Bound states of gluons with the Cornell potential have been investigated for example in refs. [4, [6] [7] [8] . But, as a linearly rising potential neglects string breaking effects, which have been observed in lattice QCD [17] between static quarks, another confining potential is also often used, that is a saturating one of the form 2m g (1 − e −r/rc ). As for the Cornell one, models built on such a potential have been applied to usual hadrons [18] , but also to glueballs [5, 12] . Let us note that the short-range part corresponding to massive constituent gluons is not a Coulomb term, but is proportional to the Yukawa potential e −mgr /r.
From this discussion, we can conclude that the best way of dealing with constituent gluons is still controversial. Consequently, it is of particular interest to try to obtain relevant informations from more fundamental approaches such as lattice QCD. If the mass spectrum of pure gauge QCD -the glueball spectrum-is now accurately computed in lattice QCD [19] , the potential energy between two constituent gluons has been much less studied than the quark-antiquark one. Up to know, the only method to obtain this energy with lattice QCD is to compute the energy between two static sources, these sources being in the adjoint representation of SU (3) [15, p. 69 ]. The Cornell shape is then favored, as in the quarkantiquark case. However, nowadays, both the masses and wave functions of glueballs can be computed by lattice calculations [20, 21] . We propose in this paper a new method for extracting the potential between two constituent gluons from these lattice QCD data. Such a method has the conceptual advantage of dealing with "physical" glueballs rather than with somewhat artificial static sources. It is a direct application of the Lagrange mesh procedure that we presented in ref.
[22].
Our paper is organized as follows. In sect. 2, we recall the main lattice QCD results concerning the lightest scalar glueball. Then, we describe the method to compute the effective gluon-gluon potential in sect. 3, and we comment our results in sect. 4. We finally draw some conclusions in sect. 5.
Results from lattice QCD
A SU (3) lattice calculation in glueball spectroscopy shows that the lightest glueball is a scalar particle, whose quantum numbers are J P C = 0 ++ , and whose mass is given by 1.710±0.130 GeV [19] . Theoretical arguments also support this point [23] . The SU (2) wave function of this scalar glueball has been first computed in ref. [20] , and its mass was found to be around 1.2 GeV, which is lower than the currently accepted SU (3) value. More recently, the SU (3) scalar glueball wave function has been computed [21] . In this last work, it is found that m 0 ++ = 1.680 ± 0.046 GeV,
in agreement with the result of ref. [19] . The 0 ++ radial wave function which is computed in ref.
[21] seems thus to be a reliable result. As only a few points of this wave function are available, it is more convenient for latter calculations to fit them by the trial function
The size parameter r 0 = 0.29 fm = 1.472 GeV −1 is interpreted as the glueball radius in ref. [21] . Its introduction allows to deal with dimensionless fit parameters A and B. A fit with the Levenberg-Marquardt algorithm gives A = 0.883 ± 0.045, B = 1.028 ± 0.132,
with a satisfactory agreement since the coefficient of determination is equal to 0.958, close to the optimal value of 1. The result is plotted in fig. 1 . Let us note that R(r) is normalized in such a way that R(0) = 1. Consequently, the lattice QCD calculations of ref.
[21] provide us not only with the 0 ++ glueball mass m 0 ++ (1), but also with a radial wave function, denoted as R(r) and given by eqs. (2) and (3). 
